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COMPUTATIONS ON SOME HANKEL MATRICES
RUIMING ZHANG
Abstrat. In this note, we present the determinant, the inverse and a lower
bound for the smallest eigenvalue for some Hankel matries
1. Introdution
For eah nonnegative integer n, the n-th Hilbert matrix is [4℄(
1
j + k + 1
)n
j,k=0
.
These matries are the moment matries assoiated the Legendre polynomials. The
generalized Hilbert matries, whih are also alled Hankel matries, are from the
generalized moment matries assoiated with some more general orthogonal polyno-
mials. Some interesting questions for Hankel matries are the determinants, inverses
and lower bounds for the smallest eigenvalues. In [5℄ we have developed a general
method to ompute the determinants, inverses and lower bounds for the smallest
eigenvalues for the generalized moment matries assoiated with some orthogonal
systems (not just limited to orthogonal polynomials). In this note we apply the
results to some Hankel matries. The following theorem is adapted from [5℄ and we
won't repeat the proof here.
Theorem 1. Given a probability measure P (dx) on R, for eah nonnegative integer
n, let
µn =

R
xnP (dx),
Gn = (µj+k)
n
j,k=0
and
pn(x) =
n∑
k=0
an,kx
k, n = 0, 1, . . .
be the orthonormal polynomials, then
detGn =
n∏
j=0
a−2j,j
and
G−1n = (γj,k)
n
j,k=0
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with
γj,k =
n∑
ℓ=max(j,k)
aℓ,jaℓ,k.
Furthermore, if there is a omplex number z0 with |z0| = 1 suh that for eah
nonnegative integer n, the following sequene
an,kz
k
0 , k = 0, 1, . . .
have the same sign , then the smallest eigenvalue λs of the matrix Gn has a lower
bond
λs ≥ 1∑n
m=0 |pm(z0)|2
.
Remark 2. In the ase that all the pm(z0) are real, we ould apply the Christoel-
Darboux formula to get [1, 3℄
λs ≥ an+1,n+1
an,n
{
p′n+1(z0)pn(z0)− pn+1(z0)p′n(z0)
} .
Reall that the Euler's Γ(z) is dened as [1, 2, 3℄
Γ(z) =
 ∞
0
xz−1e−xdx, ℜ(z) > 0
and it ould be analytially extended to a meromorphi funtion on the omplex
plane. The shifted fatorial of z is dened as
(z)n =
Γ(z + n)
Γ(z)
, n ∈ Z.
The hypergeometri funtion 2F1 is dened as
2F1
(
a, b
c
; z
)
=
∞∑
n=0
(a)n(b)n
(c)nn!
zn
for |z| < 1. Euler's Beta integral ould be evaluated in terms of Γ(z),
 1
0
xα−1(1− x)β−1dx = Γ(α)Γ(β)
Γ(α + β)
, ℜ(α),ℜ(β) > 0.
For any omplex number a and 0 < q < 1, we dene [1, 2℄
(a; q)∞ =
∞∏
m=0
(1− aqm), (a; q)m = (a; q)∞
(aqm; q)∞
.
The q-Binomial theorem is
(az; q)∞
(z; q)∞
=
∞∑
k=0
(a; q)k
(q; q)k
zk, |z| < 1,
one of its diret onsequenes is
(z; q)∞ =
∞∑
k=0
q(
k
2) (−z)k
(q; q)k
.
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The onuent q-hypergeometri series 1φ1
1φ1 (a; b; q, z) =
∞∑
n=0
(a; q)nq(
n
2)(−z)n
(b; q)n(q; q)n
satises the following identity,
1φ1 (a; b; q, b/a) =
(b/a; q)∞
(b; q)∞
.
Hold |b| < 1 xed and let a → ∞ in the above formula to obtain the Cauhy's
formula
∞∑
n=0
qn(n−1)bn
(q, b; q)n
=
1
(b; q)∞
.
2. Appliations
2.1. Laguerre Polynomials. The Laguerre polynomials {Lαn(x)}∞n=0 are dened
as [1, 2, 3℄
Lαn(x) =
(α+ 1)n
n!
n∑
k=0
(−n)kxk
(α+ 1)kk!
for n ≥ 0 and we assume that
Lα−1(x) = 0.
For any α > −1, the orthogonal relation for the Laguerre polynomials is
 ∞
0
Lαm(x)L
α
n(x)
xαe−x
Γ(α+ 1)
dx =
(α+ 1)n
n!
δmn
for any nonnegative integers m,n where
δmn =
{
1 m = n
0 m 6= n .
Clearly, the n-th moment is
mn =
∞
0 x
α+ne−xdx
Γ(α+ 1)
= (α+ 1)n,
and
ℓ(α)n (x) = (−1)n
√
n!
(α+ 1)n
Lαn(x)
is the n-th orthonormal polynomial. Apply Theorem 1 with
an,k =
√
(α+ 1)n
n!
(−n)k(−1)n
(α+ 1)kk!
we get
det ((α+ 1)j+k)0≤j,k≤n =
n∏
k=0
{k!(α+ 1)k} ,
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and its inverse matrix is
((α+ 1)j+k)
−1
0≤j,k≤n =
(
n∑
ℓ=0
(α+ 1)ℓ(−ℓ)j(−ℓ)k
ℓ!(α+ 1)j(α+ 1)kj!k!
)n
j,k=0
.
For α > −1, the smallest eigenvalue of the matrix ((α+ 1)j+k)0≤j,k≤n is
λs ≥
{
n∑
ℓ=0
ℓ!
(α+ 1)ℓ
L
(α)
ℓ (−1)2
}−1
=
(α+ 1)n
(n+ 1)!
1
L
(α+1)
n (−1)L(α)n (−1)− L(α)n+1(−1)L(α+1)n−1 (−1)
,
where we applied the formula
d
dx
L(α)n (x) = −L(α+1)n−1 (x).
From the the Perron formula [3℄
L(α)n (x) =
ex/2
2π
(−x)−α/2−1/4nα/2−1/4 exp
{
2(−nx)1/2
}{
1 +O
(
1
n1/2
)}
for x ∈ C\(0,∞) as n→∞ to get
L(α+1)n (−1)L(α)n (−1)− L(α)n+1(−1)L(α+1)n−1 (−1) =
nα−1 exp(4n1/2)
8πe
{
1 +O
(
1
n1/2
)}
as n→∞, this together with
Γ(n+ α)
Γ(n+ β)
= nα−β
{
1 +O
(
1
n
)}
as n→∞ gives{
n∑
ℓ=0
ℓ!
(α+ 1)ℓ
L
(α)
ℓ (−1)2
}−1
=
8πe
Γ(α+ 1)
exp(−4n1/2)
{
1 +O
(
1
n1/2
)}
as n→∞.
2.2. The Jaobi Polynomials {P (α,β)n (x)}∞n=0. The Jaobi polynomials
{
P
(α,β)
n (x)
}∞
n=0
are dened as [1, 2, 3℄
P (α,β)n (x) =
(α + 1)n
n!
2F1
( −n, n+ α+ β + 1
α+ 1
;
1− x
2
)
for n ≥ 0 and
P
(α,β)
−1 (x) = 0.
For α, β > −1, they satisfy the orthogonal relation
 1
−1
P (α,β)m (x)P
(α,β)
n (x)w(x)dx = hnδmn
for all nonnegative integers n,m where
w(x) = (1− x)α(1 + x)β ,
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and
hn =
2α+β+1Γ(α+ n+ 1)Γ(β + n+ 1)
(2n+ α+ β + 1)Γ(α+ β + n+ 1)n!
.
Sine
P (α,β)n (x) =
(β + 1)n
(−1)nn! 2F1
( −n;n+ α+ β + 1
β + 1
;
1 + x
2
)
,
we let
A(α,β)n (y) = P
(α,β)
n (2y − 1)
then, for α, β > −1 we have
 1
0
A(α,β)m (y)A
(α,β)
n (y)w˜(y)dy = h
(α,β)
n δmn
for all nonnegative integers n,m where
w˜(y) =
yα(1 − y)βΓ(α+ β + 2)
Γ(α+ 1)Γ(β + 1)
,
and
h(α,β)n =
(α + β + 1)(α+ 1)n(β + 1)n
(2n+ α+ β + 1)n!(α+ β + 1)n
.
Clearly, the n-th moment is
µn =
 1
0
ynw˜(y)dy =
(α+ 1)n
(α+ β + 2)n
and the n-th orthonormal polynomial is
a(α,β)n (y) =
1√
h
(α,β)
n
A(α,β)n (y),
or
a(α,β)n (y) =
√
(2n+ α+ β + 1)(β + 1)n(α+ β + 1)n
(α+ β + 1)(α+ 1)nn!
×(−1)n2F1
( −n;n+ α+ β + 1
β + 1
; y
)
.
Thus,
an,k =
√
(2n+ α+ β + 1)(β + 1)n(α + β + 1)n
(α+ β + 1)(α+ 1)nn!
×(−n)k(n+ α+ β + 1)k
(−1)n(β + 1)kk! ,
and for eah nonnegative integer n, we have
det
(
(α+ 1)j+k
(α+ β + 2)j+k
)
0≤j,k≤n
=
n∏
m=0
(β + 1)m(α + 1)mm!
(α+ β + 2)2m(m+ α+ β + 1)m
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and (
(α + 1)j+k
(α+ β + 2)j+k
)−1
0≤j,k≤n
= (γj,k)0≤j,k≤n
with
γj,k =
n∑
m=0
(2m+ α+ β + 1)(β + 1)m(α+ β + 1)m
(α+ β + 1)(α+ 1)mm!
(−m)j(−m)k(m+ α+ β + 1)j(m+ α+ β + 1)k
j!k!(β + 1)j(β + 1)k
.
Then, its smallest eigenvalue of the matrix
(
(α+1)j+k
(α+β+2)j+k
)
0≤j,k≤n
has a lower bound
λs ≥


n∑
m=0
(
P
(α,β)
m (−3)
)2
h
(α,β)
m


−1
.
From the Christoel-Darboux formula and the formula
d
dx
P (α,β)n (x) =
(n+ α+ β + 1)
2
P
(α+1,β+1)
n−1 (x),
and
P (α,β)n (−x) = (−1)nP (β,α)n (x)
to get
n∑
m=0
(
P
(α,β)
m (−3)
)2
h
(α,β)
m
=
(β + 1 + n)(α+ β + 1 + n)
(α+ β + 1 + 2n)(α+ β + 2 + 2n)h
(α,β)
n
×
{
(α+ β + 2 + n)P (β+1,α+1)n (3)P
(β,α)
n (3)
− (α+ β + 1 + n)P (β,α)n+1 (3)P (β+1,α+1)n−1 (3)
}
.
From the asymptoti formula of Jaobi polynomials to obtain [3℄
P (α,β)n (3) =
(
3 + 2
√
2
)n
n1/2
{
φ0(α, β; 3 + 2
√
2) +O
(
1
n
)}
as n→∞ and
n∑
m=0
(
P
(α,β)
m (−3)
)2
h
(α,β)
m
= φ0(α, β; 3 + 2
√
2)φ0(α+ 1, β + 1; 3 + 2
√
2)
×Γ(α+ 1)Γ(β + 1)(3 + 2
√
2)2n
2Γ(α+ β + 2)
{
1 +O
(
1
n
)}
as n→∞. Thus 

n∑
m=0
(
P
(α,β)
m (−3)
)2
h
(α,β)
m


−1
= O
(
1
(3 + 2
√
2)2n
)
as n→∞.
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2.3. The q-Laguerre Polynomials {L(α)n (x; q)}∞n=0 with q ∈ (0, 1) and α > −1.
The q-Laguerre polynomials {L(α)n (x; q)}∞n=0 are dened as [1, 2℄
L(α)n (x; q) =
(qα+1; q)n
(q; q)n
n∑
k=0
(q−n; q)kq
(k+12 )q(α+n)kxk
(q; q)k(qα+1; q)k
for n ≥ 0, and we assume that
L
(α)
−1 (x; q) = 0.
The moment problem of the q-Laguerre polynomials is indeterminate and one of
the orthogonality for {L(α)n (x; q)}∞n=0 is
∞∑
k=−∞
L(α)m (q
k; q)L(α)n (q
k; q)wql(q
k;α) =
(qα+1; q)n
(q; q)nqn
δm,n,
for m,n ≥ 0 with
wql(q
k;α) =
(qα+1; q)∞(−q; q)∞(−1; q)kqk(α+1)
(q; q)∞(−qα+1; q)∞(−q−α; q)∞ .
Clearly, the n-th moment is
µn(α) =
∞∑
k=0
qknwql(q
k;α) =
(
qα+1; q
)
n
q−αn−(
n+1
2 ),
and the orthonormal system is given by
ℓ(α)n (x; q) =
√
(qα+1; q)nqn
(q; q)n
n∑
k=0
(q−n; q)kq
(k+12 )q(α+n)kxk
(−1)n(q; q)k(qα+1; q)k ,
then,
an,k =
√
(qα+1; q)nqn
(q; q)n
(q−n; q)kq
(k+12 )q(α+n)k
(−1)n(q; q)k(qα+1; q)k .
Aording to Theorem 1, the matrix
(2.1)
(
(qα+1; q)j+kq
−(j+k+12 )−α(j+k)
)n
j,k=0
has inverse
(γj,k)
n
j,k=0
where
γj,k =
n∑
m=0
(qα+1; q)mq
m(j+k+1)(q−m; q)j(q
−m; q)kq
α(j+k)+(j+12 )+(
k+1
2 )
(q; q)m(q; q)j(q; q)k(qα+1; q)j(qα+1; q)k
.
Its determinant is
det
(
(qα+1; q)j+kq
−(j+k+12 )−α(j+k)
)n
j,k=0
=
n∏
m=0
(q; q)m(q
α+1; q)m
qn(n+1)(4n+6α+5)/6
,
and the smallest eigenvalue has a lower bound is(
n∑
m=0
∣∣∣ℓ(α)m (−1; q)∣∣∣2
)−1
.
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But
ℓ(α)m (−1; q) =
√
(qα+1; q)mqm
(q; q)m
m∑
k=0
(q−m; q)kq(
k
2)
(−qm+α+1)k
(−1)m(q; q)k(qα+1; q)k ,
=(−1)m
√
(qα+1; q)mqm
(q; q)m
1φ1
(
q−m; qα+1; q, qm+α+1
)
=(−1)m
√
(qα+1; q)mqm
(q; q)m
(qm+α+1; q)∞
(qα+1; q)∞
=(−1)m
√
qm
(q, qα+1; q)m
,
thus the lower bound for the smallest eigenvalue is(
n∑
m=0
qm
(q, qα+1; q)m
)−1
.
Notie that everything involved here is a rational funtion of variable q, we may
replae q by q−1 then apply the relation
(a; q)n = (−a)nq(
n
2)(a−1; q−1)n
and the diagonal matrix
Dn =
(
(−1)jδj,k
)n
j,k=0
, D2n = I
to obtain
det
(
(qα+1; q)j+k
)
0≤j,k≤n
= an(n+1)α/2qn(n+1)(2n+1)/6
n∏
k=0
(q; q)k(q
α+1; q)k,
and
(
(qα+1; q)j+k
)−1
0≤j,k≤n
=
(
n∑
m=0
qj+k(qα+1; q)m(q
−m; q)j(q
−m; q)k
(q; q)j(q; q)k(qα+1; q)j(qα+1; q)k(q; q)mq(α+1)m
)n
j,k=0
.
and the smallest eigenvalue has a lower bound(
n∑
m=0
q2(
m
2 )qm(α+1)
(q, qα+1; q)m
)−1
,
whih is bounded again by the absolute onstant(
∞∑
m=0
q2(
m
2 )qm(α+1)
(q, qα+1; q)m
)−1
= (qα+1; q)∞.
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